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ASYMPTOTIC EXPRESSIONS AND FORMULAS FOR FINITE
SUMS OF POWERS OF BINOMIAL COEFFICIENTS INVOLVING
SPECIAL NUMBERS AND POLYNOMIALS

NESLIHAN KILAR

ABSTRACT. The main objective in this paper is to study on special numbers
and polynomials that contain finite sums of powers of binomial coefficients.
By using generating function methods, some formulas and relations related to
these numbers and the Apostol-Bernoulli and Apostol-Euler numbers of nega-
tive higher order, the Bernoulli and Euler numbers, the Stirling type numbers,
the combinatorial numbers, the Bell polynomials, the Fubini type polynomials,
and the Legendre polynomials are presented. Moreover, asymptotic expres-
sions of the finite sums of powers of binomial coefficients for these numbers are
given. Some numeric values of these asymptotic expressions are illustrated by
the tables. Finally, some inequalities for these numbers are given.

1. INTRODUCTION

The binomial coefficients and finite sums including higher powers of binomial
coefficients have been frequently used in many areas of mathematics and other
applied sciences. In order to study finite sums involving binomial coefficients, there
are many different techniques. Among these techniques, generating functions are
commonly used ones, and Simsek [40] gave the following novel generating functions
for sums of finite sums of powers of binomial coefficients:

1 < /n\? > t™m
E Z <k) Aketk = Z Ye (mvna Avp) ﬁ? (11)
" k=0 m=0 ’

where n,p € N={1,2,3,...} and A € R (or C).

Here and in the following let Z, R and C denote the sets of integers, real numbers
and complex numbers, respectively. Also let No = NU {0}.

The numbers yg (m,n; A, p) are computed by the following formula:

1 - n P ki1.m
" k=0
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52 N. KILAR

where m,n,p € Ny (¢f. 40, Eq. (14)]).

Simsek [40] gave the following values for the numbers yg (m,n; A, p) involving
well-known finite sums:

Whenp=1,A=1and m =0 in 7Wehawe

v (0,m;1,1) = 'Z(>Z: (1.3)

whenp=2, A=1and m=0in , we obtain

6 (0,m;1,2) = 'Z< ) = (Z) (1.4)

and puttingp=1, A= —1and m =0 in , we have

1 — n
(O,TL;—L].) = - (_1)k :Ov
" a2V ()

for detail, see [40]. The above sums have also been studied by many authors (cf.
- [6)).

Here we note that Simsek introduced many different combinatorial type numbers
and polynomials. Thats why, he gave some notations to distinguish these numbers
and polynomials from one another. So, the number 6 is just an index representation
for the numbers yg (m,n; A, p) (see, for detail, [37]-[42]).

Moreover, when p = 1 in , the numbers yg (m,n; A, p) are reduced to the
following combinatorial numbers, which are called Simsek numbers by Goubi [10]:

which are defined by means of the following generating function:
A 1)"
(6+ Zyl (m,v; \) — (1.6)

where v € Ny, A € C and

y1 (m,v; \) = U|Z<)'m)\j’

where m € Ny (cf. [37, Egs. (8) and (9)]).

The numbers yg (m,n; A, p) are related to many different combinatorial type
numbers and polynomials. Recently, many authors, such as Goubi [9], [10], Khan
et al. [12], Kucukoglu [18], Kucukoglu and Simsek [19]-[2I], Kilar [13] and Xu
[46], have given results that include sums of powers of binomial coefficients and
combinatorial type numbers. Besides, one method to approach the binomial co-
efficient is by means of the Stirlings approximation. The Stirling’s approximation
(or Stirling’s formula), named after James Stirling, is a factorial approximation in
mathematics. This formula has been studied by many authors and used in many
fields, such as mathematics and physics. Moreover, this formula is a good and
useful approximation that leads to accurate results even for small values of n (see,
for detail, [4, 23] 26, 31, B3] B34, 40, 43}, 45]). Therefore, the main motivation of
this paper is to give some new relations and formulas including some special num-
bers and polynomials, with the help of an asymptotic expression of sums of powers
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of binomial coefficients, the Stirlings approximation formula, and generating func-
tions with functional equations techniques. The numeric values of these results are
displayed in tables. We also give some inequalities for these numbers.

We now briefly give some notations, definitions and generating functions of some
special numbers and polynomials.

Let « € C and r € N,

(o}, =a(a—1)(a—2). (a—r+1)= (‘;‘>7~!
with {a}, =1 and

- _J 1 r=0
0" = { 0 reN
The Stirling numbers of the second kind are defined by

e 71 ZSQ m,v) (1.7)

where v € Ny, and

with S5 (0,0) =1 and

Sy (m,v) = 0, (v>m)
Sy (m,0) = 0, (meN)
Sa(m,m) = 1, (méeN)
S (m,1) = 1, (meN)

(cf. [1]-46]).
By using (1.7)), the numbers S3 (m,v) are computed by

R v
v) = — —1)" v—r)"
=g () e-n
(cf. [1]-46]).

The Apostol-Bernoulli polynomials of order k are defined by

(Aef_1> - Z B® (2 0) L| (1.8)

where [t| < 2m when A = 1; |t| < [InA| when A # 1 and k € Z (¢f [28, Eq. (9)],
[44), 45)).
When z =0 in (1.8]), we have the Apostol-Bernoulli numbers of order k

B (0:0) = BRY (V)

(cf [27, 144, [45)).
One can observe that

BV (2:0) = By (z30)  and  BY (V) = By (V).
Taking k = 0 in (1.8]), we have
B (z; ) = 2™
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and also for x = 0 in the above equation, one has

(0) _ 1, m=20

By’ () { 0, meN

Substituting p = 0 into (|1.2)) and using (1.8]) for &k = 1, we get

A" B, (n; A) — B (V)

m

(n—1Dlye (m—1,n—154,0) = > NEm! =

(cf [E0)).
Substituting A = 1 into (1.8]), we have the Bernoulli polynomials of order k

BY (a:1) = B (2
which are defined by means of the following generating function:

(ett1>k6m= iBﬁff) (w)% (1.9)

m=0

(cf. [T, 44, 45)).
When z =0 in (1.9)), we have

B (0) = BY
which B denote the Bernoulli numbers of order k (c¢f. [28, 44} [45]).

Using (1.7) and ., we have

n v tm - n tm
t"e! n'ZSQ m,n) poo Bﬁn)(v)m
m=0
Hence
= ° [ (—s) (n) tm
Z (S) {m}nJrsBm n— s 'ZZ( )SQ ]7 Bm—j (U)ﬁ
m=0 s=0 m=0 j=0

Comparing the coefficients of fnl, on both sides of the above equation, after some
calculations, we have the following presumably known formula:

m—+n

"\ (v (- s) m+n B™
Z <s> {m+n}, B, s =n! Z ( ; )5’2 (J,n) Bin—j () - (1.10)
s=0 7=0
The Apostol-Euler polynomials of order k are defined by
2 k 'S 4m
—— ) =) &M (1 N) —, 1.11
(5ors1) © e e (L.11)

where |t| < 7 when A = 1; [¢| < [In(=A)| when A # 1 and k € Z (¢f. [27, Eq. (1)],
[44, [45)).
When z =0 in , we get the Apostol-Euler numbers of order k
e (0 0) =& (V)
(cf. [, H5)).
One can observe that

EW (@ N) =& (z;0)  and  ED (V) =&, ().
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When k£ =0 in (1.11]), we have
EW (:A) = 2™
and also for x = 0 in the above equation, one can easily see that

1, m=0
8(0)( )= {O m e N

Substituting A = 1 into (1.11]), we have the Euler polynomials of order k
EW) (w;1) = EY (x)

which are defined by means of the following generating function:

k 0o
2 to k) (ot
(cf. 44, 145]).
Setting = 0 in (1.12]), we have
) (0) = B

which B denote the Euler numbers of order k (cf. [28, [44] [45]).
Using (|1.9) and , for £ = 0, we have

—r) =9~ mz< >B< g (1.13)
(¢f. 1T, Eq. (3.1)]).

The A-Stirling numbers of the second kind are defined by
et — 1
Qe =1 Z S (m, v; \) — (1.14)

where v € Ny and A € C (¢f. HZZI,BEI,IZ_ZLIE})
Taking A = 1 in (1.14)), we have

Sy (m,v;1) = So (m,v).
The numbers Sy (m,v; A) are also defined by as follows:

AT = i (j)msg (m,v; \) (1.15)

v=0

(cf- [29, Eq. (98)]; see also [36, [44], [45]).
From ([1.14]), we have the following explicit formula for the numbers Sy (m, v; \):

5 (m 05 A) = U'Z 7 (0) -,

where v,m € Ny and A € C (c¢f. ﬂZQLIEI,IZZLIM)
It also should be noted that

Sz (m,v; A) = (=1)"y1 (m, v;=A) (1.16)
(cf. [19]).
By using and (1.14)), we have

BET (A) = (m”> s, (m 41,75 0), (1.17)

r
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where m,r € N (¢f. [44, Eq. (7.16)]).
Putting A =1 in ([L.17)), we also have

(ry_ (mAr)
B, " = . Sy (m+r,7) (1.18)

(c¢f. B4, Eq. (7.17)]).

The Bell polynomials are defined by

oo
t_ tm

(et =)o > B, () — (1.19)

m=0

(cf. [203]).
Combining (1.19) with (L.7]), we have the following formula:

m
= Sy (m,j)a’ (1.20)

§=0

(cf [2,83]).

The Legendre polynomials are defined by

V1 2xt—|—t2 mz

(cf. B]).
The polynomials P, (x) are computed by the following sum of power of binomial
coefficients:
P (7) = 5 Z ( ) z—1)""7 (x4+1) (1.21)
(cf. [B]).

The Fubini type polynomials of order v are defined by

U e tm
xt (v)
(2 - et)%e N mZ:O a (7) m!’ (122)

where v € Ny and [t] < In2 (c¢f. [14]; see also [15] [16]).
When z = 0 in ([1.22]), we get the Fubini type numbers of order v

o 0) = afp
(¢f. [14; see also [15 [16]).

The numbers ys (m, v; \) are defined by

Aet + A7l +2)°
( i Z ys (m, v A) = (1.23)

where v € Ng and A\ € C (¢f. [37]).
From (|1.23)), we have

v = o U ;) JZ( ) g

7=0
where m,v € N (¢f. [37, Eq. (17)]).
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The numbers y3 (m, v; A\; a,b) are defined by

6vbt

. v > tm
(/\e( bt 4 1) = mX::Oy?, (m,v; \;a,b) ool (1.24)

where a,b € R, v € Ny and A € C (or R) (¢f. [39, Eq. (1)]).
With the help of (|1.24)), we have

ys (m, v; X; a,b) = 'Z(>>\J (bv+j(a—b)™

(cf. [37, Theorem 3.1]).
The combinatorial-type numbers V,, (\) are defined by

L= A+/(A=1)+8x2 =
2%t =2 VNI,

m=0

< § (cf [23)).

The rest of this paper is briefly organized as follows:

In Section [2] by using generating functions with functional equation methods,
many identities containing the Apostol-Bernoulli and Apostol-Euler numbers of
negative higher order, the Bernoulli and Euler numbers of negative higher order,
the Bell polynomials, the Fubini type polynomials of higher order, the Stirling type
numbers, and the combinatorial type numbers and polynomials are derived.

In Section 3] with the help of an asymptotic expression of sums of powers of
binomial coefficients, some formulas for the numbers yg (m, n; A, p) are given.

In Section [4] we give some results and remarks on the inequalities including
binomial coefficients and the numbers yg(m, n; A, p).

In Section [5] we give the conclusion section of this paper.

where 0 < ‘(A e

2. RELATIONS FOR THE NUMBERS ¥g (m,n; A, p) AND CERTAIN SPECIAL NUMBERS
AND POLYNOMIALS

In this section, we give some relations and identities involving the Apostol-
Bernoulli and Apostol-Euler numbers of negative higher order, the Bernoulli and
Euler numbers of negative higher order, the Bell polynomials, the Stirling numbers
of the second kind, the A-Stirling numbers, the Fubini type polynomials of higher or-
der, the numbers y; (m, v; A), the numbers y, (m, v; A), the numbers y3 (m, v; A; a, b)
and the numbers yg (m,n; A\, p). We also investigate some special cases of these re-
sults.

Theorem 2.1. Let m,n,p € Ny with m > n. Then we have

o (m,m; 2, p) = 1,22() (%) o, B . 1)

Proof. By using (L.1)), we have

ZyﬁmnAp kn0(>p§k:(>>\et—1)j.
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Combining the above equation with (L.8), we get

Zyﬁ m,n; A, p) m'_;ko(n> Z()ZB( P (

7=0

Therefore,
o n ok D
1 n k (—4) tm
E yg mn)\p ._E EO,; Eo<k) (]) {m}ij,]j()\)m.
m 0j=

Comparing the coefficients of HL, on both sides of the above equation, we arrive at
the desired result. O

Combining (2.1]) with (1.17)), we have the following corollary:
Corollary 2.2. Let m,n,p € Ng. Then we have

Y (m,n; A, p) = ,ZZ( ) {k}; S5 (m., j; ).

k=0 j=0

Remark. Substituting x =k, k € Ny into (1.15)) and combining the final equation
with (1.2)), we also arrive at the Corollary [2.2]

Theorem 2.3. Let m,n,p € Ny with m > n. Then we have

Yo (m,mi A.p) = ,ZZ( ) (5)xe o, 82 (22

k=0 j=0
Proof. Using (1.1 , we have

S350 5 ()

j=
Combining the above equation with (L.9), we obtain

S wtmmrn = 53 (1) 03 (5) 3 om0

7=0
Comparing the coefficients of HL, on both sides of the above equation, we arrive at
the equation (2.2)). O
Here note that combining (1.10) with Theorem 18 in [40], we also arrive at the
equation (2.2).
Remark. Combining (2.2) with (1.18)), we have the following relation which was
proved by Simsek [40, Theorem 17]:

p—1 k .
A SZ (ma.])
A —_
oA p) ZZ( ) (n = RNk = J)!
k=0 j=0
Combining (2.2)) with (1.13]), we obtain the following corollary:
Corollary 2.4.

wnonn = SEE R 1) () (777 skt

k=0 j=0 s=0
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Theorem 2.5. Let m,n,p € Ng. Then we have

1 <& L .
ye (m,m; A\, p) = |ZZ(> () 1)k12157(nﬂ)()\).
k=0 j=0
Proof. By using (1.1)), we have

S wmian - LS5 (0 S5 (e

j=
From the above equation and | -, we get

S wlmann = 5525 S o (1) (e

m=0 k=0 j=0

Comparing the coefficients of % on both sides of the above equation, we arrive at
the desired result. O

Theorem 2.6. Let m,n,p € Ng. Then we have

) = L33 (- v () )p(’;)kagﬁ.

k=0 j=0

Proof. From (|1.1)) and m, we obtain

3wl by = 4 52325 o (B) (1) e

m=0 k=0 j=0

Comparing the coefficients of % on both sides of the above equation, we arrive at
the desired result. O

Theorem 2.7. Let m,n,p € Nyg. Then we have

Y6 (m,m; A, p) = nlz <”) (2k))! io(]) o) (2k) o <mj,k;;>.

Proof. Combining (L.1)) with (1.22]) and (1.23)), and assuming |¢| < In2, we have

S et o = 2SSt () i 3 e (mo 1)
m:O6”’m! n! k ' 2 2 ) ml

k=0 m=0
> t
(k) Z
XZOa (2k)m!.
Hence
> . tm 1 - k(N P k
> wtmnrp) o = 2500 () ¥ en
m=0 k=0
N (), 0 AN
23 (7)al @ (m s g)

Comparing the coefficients of %n, on both sides of the above equation, we get the
desired result. (]
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Theorem 2.8. Let m,n,p € Ng. Then we have

m

yo (m.m; A, p) = — Z( > eI (?)ay” (—k)ys (mj,Qk;;;z 1) .

Jj=0

Proof. Using (1.1]), we get
( let + 1)2]C ekt gke—kt

o0 tm
mZ:OyG (mvn; )‘ap) ﬁ - n| Z ( ) Qk) (2]43)' (2 B et)zk .

Combining the above equation Wlth - and m, we have

m

m=0

~~

m=0
Thus,
> tm 1 “ n P k
S w(mman s = w3 (1) @ e
m=0 k=0
x%%(j)aj ( k)y3<m j, 2k 221)'

Comparing the coefficients of % on both sides of the above equation, we arrive at
the desired result. ([l

Theorem 2.9. Let r,n,p € Ng. Then we have

Z Y6 (m,n; A\, p) Sz (r,m) = l' (Z) NBL, (k). (2.3)
k=0

m=0

Proof. Replacing t by et — 1 in ([1.1]), we have

Zyemn/\p)(e;b.l n'2(> ele" =1k,

m=0

Combining the above equation with (| and -, we obtain
t
k
Tgomgoy(;mn/\pSQrmr. n'§<)/\§Bl =k

Comparing the coefficients of tr—, on both sides of the above equation, we arrive at
the desired result. ([

Setting p = 1 in (2.3) and combining the final equation with (1.5, we get the
following corollary:

Corollary 2.10. Let r and n € Ng. Then we have

Zm (m,n;A) Sa (r,m) 'Z< ))\’“Bl k). (2.4)

Combining (2.4]) with (1.16)), we obtain the following relation:
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Corollary 2.11. Let r and n € Ng. Then we have

Z_:O Sy (m,n; —A) Sy (r,m) = (_nl!)n 3 (Z) MBI () .

k=0

Theorem 2.12. Let n € Ny and X\ # 1. Then we have

ye (0,n5 A, 2) = (A ;!1) P, (A + 1) . (2.5)

A—1
Proof. Substituting m = 0 and p = 2 into (1.2)), we get the following result:
1 n n 2
. _ 1L k
v (0,751, 2) = — > (k> AR
k=0
Combining the above equation with ([1.21]), we obtain

. (A=) A+1
ye (0,15 4,2) = p P, 1)

Thus, the proof of the theorem is completed. ([l

Notice that the different proof of the Theorem [2.12] was also given by Simsek,
using relation between Michael Vowe polynomials and Legendre polynomials (see
for detail, [40, Remark 10 and Remark 12]).

Remark. When A =3 and A = —1 in (2.5)), respectively we have

on

and
—1)"on
Ye (Oa n; 713 2) = %Pn (0)

(cf. [0, p. 1337]).

3. REMARKS ON ASYMPTOTIC EXPRESSIONS OF THE NUMBERS yg (m, n; A, p)

In this section, we investigate asymptotic expressions of the numbers yg (m, n; A, p).
We present some relations related to these numbers.
For approximation we write a,, ~ b,. This notation means that

. Qn
nh_)n(go b 1 (3.1)
(cf. [33]).
By using the following Stirling’s approximation
n! ~ v/2mn (E) (3.2)
e

(cf. [5,134,45]), for n — oo and k — oo, approximation of (}}) is given by as follows:

<Z) Y (n ink)”—’f \/ 27k (Z — k) (3:3)

(cf. B3)).
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By using (3.2)), Polya and Szego [33, Problem 40, p. 55] gave an asymptotic
expression of the finite sum of powers of binomial coefficients as follows:

p—1
n p opn 2 2
S5 ()"
= VD \ 7T
It’s time to give some relations involving the numbers yg (m, n; A, p) with the

help of the asymptotic formulas of the finite sum of powers of binomial coefficients
given in the above equations.

Theorem 3.1. Let n,p € N. Then we have

ye (0,n51,p) ~ 213; (%)n (;) : (3.5)

Proof. Substituting A = 1 and m = 0 into ([1.2]), we get

1 «— (n

By combining (3.6)) with (3.4) and (3.2), after some elementary calculations, we

P

(3.6)

obtain
V2 (2)" e (0,51, p
\/p lim (e) (Vl ) =1.
™
_1
Assuming that m (%)pT # 0. Consequently, yg (0,7;1,p) is an asymp-
" p=1 )
totically equal to m () . That is,

9=l sonn /9 \ %
0,n;1,p) ~ (7) .
Y (0,7 1,p) /P n <7rn>

Therefore, proof of theorem is completed. O

Remark. Kucukoglu and Simsek, with the help of the Stirling’s approzimation,
gave interesting and useful asymptotic formulas including combinatorial numbers
(see, for detail, [22], 23]; and also [26]).

We now give some special cases involving three equations for the numbers yg (m, n; A, p).
Putting p=1, A =1 and m = 0 in (1.2), and using (1.3]), we have

27l
¥ (0,n;1,1) = o (3.7
When p =1 in (3.5)), we get
M= se\n
0,m:1,1 ~7<f) . 3.8
vs (0,m ) Vnm \n (38)

From the equations (3.7) and (3.8)), some values of the numbers yg (0,n;1,1) are
given by Table
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n ye (0,m;1,1) Approximate values of yg (0,7;1,1)
1 2 2.16888
2 2 2.08441
3 1.33333 1.37075
4 0.666667 0.680672
5 0.266667 0.271142
6 0.0888889 0.0901309

600 3.27877.10~ 1228 3.27922 .10~ 1228

6000 | 5.63886.10~ 18260 5.63894 . 10~ 18260

60000 | 4.03148 .10~ 242573 4.03149. 1024573

TABLE 1. Some numeric and approximate values of the numbers yg (0,n; 1, 1).

When p=2,A\=1and m =0 in (1.2)), then using (1.4)), we obtain

Yo (07 n

Using (3.5)), for p = 2, we have

Y6 (O,TL, 1a 2) ~

(2n)!
(n1)3

;1,2) =

1
en22n— 3

anntl

(3.9)

(3.10)

By using equations (3.9) and (3.10), some values of the numbers yg (0,n;1,2) are

given by Table

n ye (0,n;1,2) Approximate values of yg (0,n;1,2)
1 2 2.44731
2 3 3.32624
3 3.33333 357202
4 2.91667 3.07223
5 2.1 2.18921
6 1.28333 1.32863
600 | 3.13305.10-10% 3.13413.10~ 1099
6000 | 6.21593.10~16456 6.21614 .10~ 16456
60000 | 5.85535. 10 225511 5.85538 .10 225511

TABLE 2. Some numeric and approximate values of the numbers yg (0,7; 1, 2).

It can be easily seen in Table [2] that when n — oo, ratio of the first column to
the second column converges to 1 due to the asymptotic equality.
When p = 3 in (3.5]), we have the following asymptotic expression:

Ye (O,TL, 173) ~

(L)
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Thus, some values of the numbers yg (0,n;1,3) are given by Table

n ye (0,m;1,3) Approximate values of yg (0,7; 1, 3)
1 2 3.1887
2 5 6.12905
3 9.33333 10.7482
4 14.4167 16.0117
5 18.7667 50.4102
6 21.0889 99 6153

600 | 3.45647.10 870 3.45887.10~ 570

6000 | 7.91195.10- 11652 7.91250. 10~ 11652

60000 | 9.81997 . 10206455 9.82004 . 10206455

TABLE 3. Some numeric and approximate values of the numbers yg (0,n; 1, 3).

4. FURTHER RESULTS AND REMARKS ON THE INEQUALITIES INVOLVING THE
NUMBERS yg(m, n; A, p)

In this section, we give both the upper bound and the lower bound for the
numbers yg (m, n; A, p) with the help of the binomial coefficients.
The binomial coefficient is related to the following inequalities

nk n nk

— < < — .

Kk _<k>_ k!’ (1)
where 1 <k <n (¢f [ A3]).

By replacing n by 2n and k by n in (4.1]), we have

om < (QD (4.2)
and 2*;7?" . (2:> (4.3)

Combining (|1.4) with (4.2]) and (4.3, we have the following result including the
lower and upper bound for the numbers yg (0,n; 1, 2):

Corollary 4.1. Let n € N. Then we have
n 2”L n
— < ; < —s.
a <6 (012 < o
In [23, Eq. (6.7)], Kucukoglu and Simsek gave the following relation for the
numbers yg (0,n; 1, 2):
(_1)” 2n+1 )\2nn!

V(N =
) (n+1)(A—1)>""
where A # 1 and n € N. They also gave the lower and upper bound for the numbers
Vi (A) as follows:

(4.4)

796 (0,1;1,2), (4.5)

(71)” 23n)\2n
(n+1) v (A - 1)1

(71)” 23n+1>\2n
(n+1) (A= 1>

<V, (\) < (4.6)
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where A # 1 and n € N (¢f. [23) Eq. (6.35)]).
Combining (4.5) with (4.6), we also obtain the following inequalities for the
numbers yg (0,n; 1,2):

Corollary 4.2. Let n € N. Then we have

2n—1 22n
<y (0,m;1,2) < . 4.7
nl\/n <96 (0,m31,2) n! (47)

Remark. Which of the inequalities given in (4.4) and (4.7) is more sharper can

be investigated using different methods.

Let € [-1,1] and n € N. In [30], Martin gave the following inequality for the
Legendre polynomials P, (z):

1

[P (2)| <
(I+n(n+1)(1—22)

(4.8)

NG

Using (4.8)), we have

A+1 1
n ()l (1o (1- (1))

where 2+ ¢ [-1,1] and n € N. Combining the above equation with 1} we

A—1
obtain the following inequality for the numbers yg (0, n; A, 2):

Corollary 4.3. Let n € N and 3%+ € [—1,1]. Then we have

nlye (0,15 A, 2) ‘ < 1

B2 <1+n(n+1) (1—(§ﬁ)2>>i.

5. CONCLUSION

In this paper, some special numbers and polynomials, including finite sums of
powers of binomial coefficients, were studied. Using generating functions for these
numbers, some formulas involving the Apostol-Bernoulli and Apostol-Euler num-
bers of negative higher order, the Bernoulli and Euler numbers, the Stirling type
numbers, the combinatorial numbers, the Bell polynomials, the Fubini type poly-
nomials, and the Legendre polynomials were given. Further, some asymptotic ex-
pressions of the finite sums of powers of binomial coefficients and their numeric
values for these numbers were presented. We also obtained some inequalities for
these numbers. Consequently, the results of this paper have the potential to be
considerable attention of many researchers such as mathematicians, physicists and
engineers.

Acknowledgments. The author would like to thank the anonymous referees for
their valuable comments, which improved the results of this paper.



66

(1]

2]
(3]

(4]

[10]

(11]

(12]
(13]
14]

(15]

[16]

(17]

(18]

(19]
20]

21]

(22]

23]

24]

N. KILAR

REFERENCES

A. Bayad, Y. Simsek, H. M. Srivastava, Some array type polynomials associated with special
numbers and polynomials, Appl. Math. Comput. 244 (2014) 149-157.

E. T. Bell, Ezponential polynomials, Ann. Math. 35 (1934) 258-277.

L. Comtet, Advanced combinatorics, Reidel, Dordrecht and Boston, 1974 (Translated from
the French by J. W. Nienhuys).

T. M. Cover, J. A. Thomas, Elements of information theory, John Wiley & Sons, Inc.,
Hoboken, New Jersey, 2006.

J. Dutka, The early history of the factorial function, Archive for History of Exact Sciences
43 (3) (1991) 225-249.

N. Elezovic, Asymptotic expansions of gamma and related functions, binomial coefficients,
inequalities and means, J. Math. Inequal. 9 (4) (2015) 1001-1054.

J. D. Farmer, S. C. Leth, An asymptotic formula for powers of binomial coefficients, Math.
Gaz. 89 (516) (2005) 385-391.

P. Flajolet, R. Sedgewick, Analytic combinatorics, Cambridge University Press, Cambridge,
2009.

M. Goubi, An affirmative answer to two questions concerning special case of Simsek numbers
and open problems, Appl. Anal. Discrete Math. 14 (2020) 094105.

M. Goubi, Generating functions for generalization Simsek numbers and their applications,
Appl. Anal. Discrete Math. https://doi.org/10.2298/ AADM200522005G

D. Gun, Y. Simsek, Some new identities and inequalities for Bernoulli polynomials and
numbers of higher order related to the Stirling and Catalan numbers, Rev. R. Acad. Cienc.
Exactas Fis. Nat. Ser. A Mat. RACSAM 114 (2020) Article ID: 167.

S. Khan, T. Nahid, M. Riyasat, Partial derivative formulas and identities involving 2-variable
Simsek polynomials, Bol. Soc. Mat. Mex. 26 (2020) 1-13.

N. Kilar, Remarks on combinatorial numbers containing special numbers and polynomials,
Accepted for the publication in AIP Conf. Proc. (2023).

N. Kilar, Y. Simsek, A new family of Fubini numbers and polynomials associated with
Apostol-Bernoulli numbers and polynomials, J. Korean Math. Soc. 54 (5) (2017) 1605-1621.
N. Kilar, Y. Simsek, Identities and relations for Fubini type numbers and polynomials via
generating functions and p-adic integral approach, Publ. Inst. Math., Nouv. Ser. 106 (120)
(2019) 113-123.

N. Kilar, Y. Simsek, Some relationships between Fubini type polynomials and other special
numbers and polynomials, AIP Conf. Proc. 2116 (2019). https://doi.org/10.1063/1.5114093
N. Kilar, Y. Simsek, Formulas and relations of special numbers and polynomials arising
from functional equations of generating functions, Montes Taurus J. Pure Appl. Math. 3 (1)
(2021) 106-123.

I. Kucukoglu, Some relationships between the numbers of Lyndon words and a certain class
of combinatorial numbers containing powers of binomial coefficients, Adv. Stud. Contemp.
Math. 30 (4) (2020) 529-538.

I. Kucukoglu, Y. Simsek, Observations on identities and relations for interpolation functions
and special numbers, Adv. Stud. Contemp. Math. 28 (1) (2018) 41-56.

I. Kucukoglu, Y. Simsek, Relations arising from a family of combinatorial numbers and Bern-
stein type basis functions, AIP Conf. Proc. 1978 (2018). https://doi.org/10.1063/1.5043694.
I. Kucukoglu, Y. Simsek, Identities and derivative formulas for the combinatorial and
Apostol-Euler type numbers by their generating functions, Filomat 32 (20) (2018) 6879—
6891.

I. Kucukoglu, Y. Simsek, Numerical evaluation of special power series including the numbers
of Lyndon words: An approach to interpolation functions for Apostol-type numbers and
polynomials, Electron. Trans. Numer. Anal. 50 (2018) 98-108.

I. Kucukoglu, Y. Simsek, Computational identities for extensions of some families of special
numbers and polynomials, Turk. J. Math. 45 (2021) 2341-2365.

I. Kucukoglu, B. Simsek, Y. Simsek, Generating functions for new families of combinato-
rial numbers and polynomials: Approach to Poisson-Charlier polynomials and probability
distribution function, Axioms 8 (4) (2019). https://doi.org/10.3390/axioms8040112



ASYMPTOTIC EXPRESSIONS AND FORMULAS FOR FINITE SUMS OF POWERS... 67

[25] I. Kucukoglu, B. Simsek, Y. Simsek, New classes of Catalan-type numbers and polynomials
with their applications related to p-adic integrals and computational algorithms, Turk. J.
Math. 44 (2020) 2337-2355.

[26] I. Kucukoglu, G. V. Milovanovic, Y. Simsek, Analysis of generating functions for special
words and numbers and algorithms for computation, Mediterr. J. Math. 19 (2022) Article
ID: 268.

[27] Q.-M. Luo, Apostol-Euler polynomials of higher order and Gaussian hypergeometric func-
tions, Taiwanese J. Math. 10 (4) (2006) 917-925.

(28] Q.-M. Luo, H. M. Srivastava, Some generalizations of the Apostol-Bernoulli and Apostol-
Euler polynomials, J. Math. Anal. Appl. 308 (2005) 290-302.

[29] Q.-M. Luo, H. M. Srivastava, Some generalizations of the Apostol-Genocchi polynomials and
the Stirling numbers of the second kind, Appl. Math. Comput. 217 (2011) 5702-5728.

[30] A. Martin, Unitarity and high-energy behavior of scattering amplitudes, Phys. Rev. 129
(1963) 1432-1436.

[31] R. J. McIntosh, An asymptotic formula for binomial sums, J. Number Theory 58 (1996)
158-172.

[32] V. H. Moll, Numbers and functions: From a classical-experimental mathematicians point of
view, Student Mathematical Library, American Mathematical Society, 65, Providence, Rhode
Island, 2012.

[33] G. Polya, G. Szegd, Problems and theorems in analysis I, Springer, Berlin-New York, 1978.

[34] H. Robbins, A remark on Stirling’s formula, The American Mathematical Monthly 62 (1)
(1955) 26-297.

[35] Y. Simsek, Identities associated with generalized Stirling type numbers and Eulerian type
polynomials, Math. Comput. Appl. 18 (3) (2013) 251-263.

[36] Y. Simsek, Generating functions for generalized Stirling type numbers, Array type polynomi-
als, Eulerian type polynomials and their applications, Fixed Point Theory Appl. 2013 (2013)
Article ID: 87.

[37] Y. Simsek, New Families of special numbers for computing negative order Euler numbers and
related numbers and polynomials, Appl. Anal. Discrete Math. 12 (2018) 1-35.

[38] Y. Simsek, Combinatorial identities and sums for special numbers and polynomials, Filomat
32 (20) (2018) 6869-6877.

[39] Y. Simsek, Computation methods for combinatorial sums and Euler-type numbers related to
new families of numbers, Math. Meth. Appl. Sci. 40 (2017) 2347-2361.

[40] Y. Simsek, Generating functions for finite sums involving higher powers of binomial coef-
ficients: Analysis of hypergeometric functions including new families of polynomials and
numbers, J. Math. Anal. Appl. 477 (2019) 1328-1352.

[41] Y. Simsek, Identities and relations containing finite sums of powers of binomial coefficients,
AIP Conf. Proc. 2293 (2020). https://doi.org/10.1063/5.0026604.

[42] Y. Simsek, Interpolation functions for new classes special numbers and polynomials via ap-
plications of p-adic integrals and derivative operator, Montes Taurus J. Pure Appl. Math. 3
(1) (2021) 38-61.

[43] J. Spencer, L. Florescu, Asymptopia, Student Mathematical Library, American Mathematical
Society, 71, Providence, Rhode Island, 2014.

[44] H. M. Srivastava, Some generalizations and basic (or g-) extensions of the Bernoulli, Euler
and Genocchi polynomials, Appl. Math. Inf. Sci. 5 (3) (2011) 390-444.

[45] H. M. Srivastava, J. Choi, Zeta and q-zeta functions and associated series and integrals,
Elsevier Science Publishers, Amsterdam, 2012.

[46] A. Xu, On an open problem of Simsek concerning the computation of a family of special
numbers, Appl. Anal. Discrete Math. 13 (1) (2019) 61-72.

NESLIHAN KILAR
DEPARTMENT OF COMPUTER TECHNOLOGIES, BOR VOCATIONAL SCHOOL, NIGDE OMER HALISDEMIR
UNIVERSITY, NIGDE-TR-51700, TURKEY

E-mail address: neslihankilar@ohu.edu.tr; neslihankilar@gmail.com



