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A SIMPLE PROOF OF IVADY DOUBLE INEQUALITY

NAOKI KOBAYASHI, YUSUKE NISHIZAWA, KENSHIROH OKAZAKI

ABSTRACT. In this paper, we give a new proof of Ivddy double inequality: for
x > 0, we have

x? x3
l—exp| ————— | <tanhz < ?|l—exp| ———F | .
(1+22)2 (1+23)2

1. INTRODUCTION

In [2] Problem 51, Ivddy proposed that the double inequality

x? 23
l—erp| ——— | <tanha < }|l—exp| ——— (1.1)
(14 22)2 (14 a3)2

holds for > 0. In [3], Ivddy’s own proof of the left side of the double inequality
(1.1)) is correct, but the proof of the right side is incorrect. In [5], Zhang and Chen
showed the correct proof for the right-hand side of the double inequality (L.1)).
Recently, Araki et al. [I] proved the following Iviady’s type double inequality: for
x > 0, we have

\/1—ea:p (_(1—|—a:2)a) <tanhx < ,|1—exp <_(1+x2)ﬁ> , (1.2)

where the constants a = % and 8 = é are the best possible. The double inequality
is an interesting inequality that evaluates tanh x from both the left and right
sides. The known proofs of the Ivady inequality so far are proofs using inverse
function of tanhz. In this paper, we will give a simple and new Ivady double

inequality that is differently proven.

Theorem 1.1. The double inequality holds for © > 0.
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2. Two LEMMAS TO PROVE THEOREM [L.1]

Lemma 2.1. For x > 0, we have

22
tanhx > |1 —exp | — | .
(14 22)2

Proof. We consider the equation

tanhz = v/1 — ea(®)

for a(z) < 0, then we have

1*#11/1*6(1(&6),

14 e2
4 2x
a(zr) =In 672 .
(14 e27)
It suffices to show that
x? 4e2® x?
fi(z) = a(z) + =1In

(@)= 22HP) 2 D)1+ e)
! (l—i—xQ)% 14 e2=
We set
L (ze+a)\ (2e -naten)y’
Fa )_((1+x2)3> ( 1+ e2 )

for x > 0 and

for y > 1. Since the derivative of f3(y) is
8y
faly) = ——5>0
’ (1+y?)°

for y > 1, f3(y) is strictly increasing for y > 1. By e* > 1+ z + 1—22 for z > 0, we
have

fole) = (9”(2”)> — (y(e)? < (““”) (B (1ras x))
(1+22)2 (1422)2 2

(@) 2((1+2+5) 1) (14 (1+2+2)) ’
_<(1+x2)3> - 1+ (142+2)

—atfy(z)
(1+22)% (8 + 8z 4 822 + 423 + 1)

for z > 0, where f4(z) = 256+ 5762 + 102422 + 131223 + 1284x* + 10242° + 6322° +
30427 + 10428 + 242° + 3210 > 0. Therefore, we obtain fa(z) < 0 and f{(z) < 0
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for > 0. Since f;(x) is strictly decreasing for > 0 and lim,_,¢ f1(z) = 0, we can
get fi(z) <0 for z > 0. O

Lemma 2.2. For z > 0, we have

3
tanhz < 2|1 —exp _xil .
(1+23)?

Proof. We consider the equation

tanhz = v/1 — eb(®)

for b(z) < 0, then we have

2 _ 1w,

1=
1+ e2=
2 (1 4 3¢t
b(z) =In 7( 3)
(14 e27)
It suffices to show that
3 2 (1 + 364‘”) z3

>0

x) =b(z) + =1In +
91(2) (2) At 23 (1+€2x)3 A+ 23
for x > 0. The derivative of g;(x) is

() = 322 (2+2°%)  6e2* (1 —e®)? (1 +e)? .

2(1—1—9[:3)% (1+ €2) (1 4 3et)

22 3 2 2 (1 — ¢%)2 )2 2
gQ(x)<3 (2+ )) <62(1 )2 (1 + ))

2 (1 + a3) (1+e*) (1 + 3et)

We set

3
2

for z > 0 and
4a(y) = 6y*(1—y)*(1 +y)°
(1+y%) (1+3y*)
for y > 1. Since the derivative of g3(y) is
20 -yy(l+y) 1 +y—y*+3y°) (1 -y —y> - 3y?)
- (1492 (1+3y%)°
for y > 1, g3(y) is strictly increasing for y > 1. From lim, , g3(y) = 2, we have

>0

93(y)

627 (1 — e)? (1 4 €®)?

<2
(1+ e2%) (1 + 3¢47)

0<

for x > 0. Therefore, we have

() = (“ 242 )> ~ (ga(e)? > (3”“" 2t )> -2

2(1—4—333)% 2(1+:c3)%

ga(z)
A1+ 2)3(1 -z +a2)3]
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where
ga(x) = —16 — 48x3 + 362 — 4825 + 362" — 162° + 92.1°
> —16 — 4823 + 362 - 2 — 4825 + 362° - 2 — 162% +92% - 2
= —16 + 242 + 242°% + 227 > —16 +24-2% = 176 > 0

for > 2. Thus, we have go(z) > 0 for z > 2. Since the inequality e* < % holds
for 0 < z < 2 (see [4] in pp 269 ), we have

g2(x) = (W)Q — (g3(e™))* > <m>2 - (93 (§+i>>2
() - o) (1-#2) (1)
2(1+ 23) ((1+§_j§)2) <1+3(§3)4>

92595 (x)
414+ 2)3(4 4+ 22)2(1 — . + 22)3(16 + 162 + 2422 + 423 + x4)?

3
2

for 0 < x < 2, where gs(z) = 49152 + 32768z + 1433622 + 4505623 + 35840x* —
102425 — 51842°% + 1036827 — 4064x® — 82242% + 900z + 2080z + 1296212 +
29213 + 72214 + 821% 4 216, Here, we consider the sign of g5(z) for 0 < x < 2. For
O<x§%,wehave

95 (f ) > 45056 + 35840x — 102422 — 51842 + 10368z* — 40642° — 822445
X

2
> 45056 4 35840z — 1024z (2) — 5184z (3) +10368z*

2
3 3
4064z (2) 8224« (2)

3\ 3
= 45056 4 22640z — 142322* > 45056 + 22640z — 14232z (2>

3\ 13933

= 45056 — 253932 > 45056 — 25393 (2) =5 >0.

For % < x < 2, we have

% (533 ) S 1024~ 51842 1 10368 — 40642° — 82240 + 9002° + 20802° + 120627
x

2
, 3
> —1024 — 5184 - 2 + 10368 <g) — 40642> — 8224x* + 900+ <2)

2 3
3
+ 20802* (g) + 12962* (2>

= 11936 — 40642> + 21802* > 11936 — 406423 + 21802> (3)

= 11936 — 7942 = 11936 — 794 - 23 > 5584 > 0.
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Hence, we obtain ga(x) > 0 for 0 < & < 2 and gj(x) > 0 for z > 0. Since g1 ()
is strictly increasing for x > 0 and lim,_,0¢1(z) = 0, we can get ¢g1(z) > 0 for

x> 0. (]
Proof of Theorem[I1.1 Theorem is immediately proven from Lemmas [2.1] and
2.2 U
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