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FURTHER INEQUALITIES FOR THE EUCLIDEAN OPERATOR

RADIUS

HASSAN RANJBAR, ASADOLLAH NIKNAM

Abstract. By use of some non-negative Hermitian forms defined for n-tuple
of bounded linear operators on the Hilbert space (H, 〈·, ·〉) we establish new

numerical radius and operator norm inequalities for sum of products of oper-

ators.

1. Introduction

Let (H, 〈·, ·〉) be a complex Hilbert space. The numerical range of an operator
A is the subset of the complex numbers C given by:

W (A) = {〈Ax, x〉 : x ∈ H, ‖x‖ = 1} .

The numerical radius ω (A) of an operator A on H is given by:

ω (A) = sup {|〈Ax, x〉| : x ∈ H, ‖x‖ = 1} .

It is well known that ω (·) is a norm on the Banach algebra B (H) of all bounded
linear operators A:H → H. This norm is equivalent with the operator norm. In
fact, the following more precise result holds:

1

2
‖A‖ ≤ ω (A) ≤ ‖A‖ . (1.1)

For other results concerning the numerical range and radius of bounded linear
operators on aHilbert space, see [3, 4, 6, 7, 8].

In [9], the author has introduced the following norm on the Cartesian product
B(n) (H) ≡ B (H)× B (H)× . . .× B (H),

‖(T1, T2 . . . , Tn)‖n,e ≡ sup
(α1,α2,...,αn)∈A(n)

‖α1T1 + α2T2 + . . .+ αnTn‖

where (T1, T2, . . . , Tn) ∈ B(n) (H) andA(n) ≡
{

(α1, α2, . . . , αn) ∈ Cn :
∑n
i=1 |αi|

2 ≤ 1
}

is the Euclidean closed ball in Cn. Of course, ‖·‖n,e is a norm on B(n) (H), and

‖(T1, T2, . . . , Tn)‖n,e = ‖(T ∗1 , T ∗2 , . . . , T ∗n)‖n,e
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where T ∗ is used for the adoint of the operator T . In the same paper, the following
inequalities are proved,

1

n
‖T1T ∗1 + T2T

∗
2 + . . .+ TnT

∗
n‖ ≤ ‖(T1, T2, . . . , Tn)‖2n,e ≤ ‖T1T

∗
1 + T2T

∗
2 + . . .+ TnT

∗
n‖

(1.2)
and
1

4n
‖T1T ∗1 + T2T

∗
2 + . . .+ TnT

∗
n‖ ≤ w2

n,e (T1, T2, . . . , Tn) ≤ ‖T1T ∗1 + T2T
∗
2 + . . .+ TnT

∗
n‖ .

(1.3)
where the Euclidean operator radius of an n-tuple of operators (T1, T2, . . . , Tn) is
defined by

wn,e (T1, T2, . . . , Tn) ≡ sup
‖x‖=1

(
n∑
i=1

|〈Tix, x〉|2
) 1

2

.

This paper aims to present extensions of the above-mentioned inequalities by
using certain convex and concave functions. Meanwhile, by employing some non-
negative Hermitian forms defined for n-tuple of bounded linear operators on the
Hilbert space (H, 〈·, ·〉), we present some new numerical radius and operator norm
inequalities for sum of products of operators.

2. Related Inequalities

To present our main results we need the following lemmas. The first lemma was
obtained by Bourin and Uchiyama [2] (see also [5, Corollary 3.5]):

Lemma 2.1. Let Ti ≥ 0 (i = 1, . . . , n). Then for every non-negative concave func-
tion f on [0,∞),

‖f (T1 + T2 + . . .+ Tn)‖ ≤ ‖f (T1) + f (T2) + . . .+ f (Tn)‖ .
The above inequality is reversed if f is non-negative convex function on [0,∞) with
f (0) = 0.

The second lemma was obtained by Aujla and Silva [1]:

Lemma 2.2. Let Ti ≥ 0 (i = 1, . . . , n) and let p1, p2, . . . , pn be positive scalars with∑n
i=1 pi = 1. Then for every non-negative convex function f on [0,∞),

‖f (p1T1 + p2T2 + . . .+ pnTn)‖ ≤ ‖p1f (T1) + p2f (T2) + . . .+ pnf (Tn)‖ .
The above inequality is reversed if f is non-negative concave function

Theorem 2.3. Let (T1, T2, . . . , Tn) ∈ B(n) (H), and let f be a non-negative function
on [0,∞) such that g (t) = f

(√
t
)
is concave. Then

1

n
‖f (|T1|) + f (|T2|) + . . .+ f (|Tn|)‖

≤ f
(
‖(T1, T2, . . . , Tn)‖n,e

)
≤ ‖f (|T1|) + f (|T2|) + . . .+ f (|Tn|)‖

(2.1)

and
1

4n
‖f (|T1|) + f (|T2|) + . . .+ f (|Tn|)‖

≤ f (wn,e (T1, T2, . . . , Tn))

≤ ‖f (|T1|) + f (|T2|) + . . .+ f (|Tn|)‖ .

(2.2)
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Proof. We prove the RHS of (2.1). We have

f
(
‖(T1, T2, . . . , Tn)‖n,e

)
= g

(
‖(T1, T2, . . . , Tn)‖2n,e

)
(2.3)

≤ g (‖T1T ∗1 + T2T
∗
2 + . . .+ TnT

∗
n‖) (2.4)

= g
(∥∥∥|T1|2 + |T2|2 + . . .+ |Tn|2

∥∥∥)
=
∥∥∥g (|T1|2 + |T2|2 + . . .+ |Tn|2

)∥∥∥ (2.5)

≤
∥∥∥g (|T1|2)+ g

(
|T2|2

)
+ . . .+ g

(
|Tn|2

)∥∥∥ (2.6)

= ‖f (|T1|) + f (|T2|) + . . .+ f (|Tn|)‖ (2.7)

where the equalities (2.3) and (2.7) follows from the assumption g (t) = f
(√
t
)
, the

inequality (2.4) follows from the fact that g is increasing function (since g is non-
negative convave function on [0,∞)), the equality (2.5) is based on the continuous
functional calculus, and the inequality (2.6) is due to Lemma 2.1.

For the LHS of (2.1),

f
(
‖(T1, T2, . . . , Tn)‖n,e

)
= g

(
‖(T1, T2, . . . , Tn)‖2n,e

)
≥ g

(
1

n

∥∥∥|T1|2 + |T2|2 + . . .+ |Tn|2
∥∥∥)

=

∥∥∥∥∥g
(
|T1|2 + |T2|2 + . . .+ |Tn|2

n

)∥∥∥∥∥
≥ 1

n

∥∥∥g (|T1|2)+ g
(
|T2|2

)
+ . . .+ g

(
|Tn|2

)∥∥∥ (2.8)

=
1

n
‖f (|T1|) + f (|T2|) + . . .+ f (|Tn|)‖

where (2.8) follows from Lemma 2.2 for concave functions.
The RHS of (2.2) is completely similar to the LHS of (2.1), so we omit its proof.

For the RHS of (2.2) we have

f (wn,e (T1, T2, . . . , Tn)) = g
(
w2
n,e (T1, T2, . . . , Tn)

)
≥ g

(
1

4n

∥∥∥|T1|2 + |T2|2 + . . .+ |Tn|2
∥∥∥)

≥ 1

4

∥∥∥∥∥g
(
|T1|2 + |T2|2 + . . .+ |Tn|2

n

)∥∥∥∥∥ (2.9)

≥ 1

4n

∥∥∥g (|T1|2)+ g
(
|T2|2

)
+ . . .+ g

(
|Tn|2

)∥∥∥
=

1

4n
‖f (|T1|) + f (|T2|) + . . .+ f (|Tn|)‖

where to obtain (2.9) we used the fact that each concave function satisfies the
inequality f (αt) ≥ αf (t) where α ≤ 1. �

Corollary 2.4. Let (T1, T2, . . . , Tn) ∈ B(n) (H), then for any 0 < r ≤ 2,

1

n
‖|T1|r + |T2|r + . . .+ |Tn|r‖ ≤ ‖(T1, T2, . . . , Tn)‖rn,e

≤ ‖|T1|r + |T2|r + . . .+ |Tn|r‖
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and
1

4n
‖|T1|r + |T2|r + . . .+ |Tn|r‖ ≤ wrn,e (T1, T2, . . . , Tn)

≤ ‖|T1|r + |T2|r + . . .+ |Tn|r‖ .

Theorem 2.5. Let (T1, T2, . . . , Tn) ∈ B(n) (H), and let f be a non-negative function
on [0,∞) such that g (t) = f

(√
t
)
is convex, then

f
(
‖(T1, T2, . . . , Tn)‖n,e

)
≤ 1

n

∥∥f (√n |T1|)+ f
(√
n |T2|

)
+ . . .+ f

(√
n |Tn|

)∥∥
(2.10)

and

f (wn,e (T1, T2, . . . , Tn)) ≤ 1

n

∥∥f (√n |T1|)+ f
(√
n |T2|

)
+ . . .+ f

(√
n |Tn|

)∥∥ .
Proof. To obtain the inequality (2.10), we can write

f
(
‖(T1, T2, . . . , Tn)‖n,e

)
= g

(
‖(T1, T2, . . . , Tn)‖2n,e

)
≤ g

(∥∥∥|T1|2 + |T2|2 + . . .+ |Tn|2
∥∥∥)

=
∥∥∥g (|T1|2 + |T2|2 + . . .+ |Tn|2

)∥∥∥
=

∥∥∥∥∥g
(
n|T1|2 + n|T2|2 + . . .+ n|Tn|2

n

)∥∥∥∥∥
≤

∥∥∥∥∥∥
g
(
n|T1|2

)
+ g

(
n|T2|2

)
+ . . .+ g

(
n|Tn|2

)
n

∥∥∥∥∥∥ (2.11)

=
1

n

∥∥∥g (n|T1|2)+ g
(
n|T2|2

)
+ . . .+ g

(
n|Tn|2

)∥∥∥
=

1

n

∥∥f (√n |T1|)+ f
(√
n |T2|

)
+ . . .+ f

(√
n |Tn|

)∥∥
where the inequality (2.11) follows from Lemma 2.2 for convex functions. �

Corollary 2.6. Let (T1, T2, . . . , Tn) ∈ B(n) (H), then for any r ≥ 2,

‖(T1, T2, . . . , Tn)‖rn,e ≤ n
r−2
2 ‖|T1|r + |T2|r + . . .+ |Tn|r‖

and

wrn,e (T1, T2, . . . , Tn) ≤ n
r−2
2 ‖|T1|r + |T2|r + . . .+ |Tn|r‖ .

3. Norm and numerical radius inequalities for non-negative
Hermitian forms

Let X be a linear space over the real or complex number field K. A mapping
〈·, ·〉 : X ×X → K is said to be a positive hermitian form if the following conditions
are satisfied:

(1) 〈αx+ βy, z〉 = α 〈x, z〉+ β 〈y, z〉 for all x, y, z ∈ X and α, β ∈ K.

(2) 〈y, x〉 = 〈x, y〉 for all x, y ∈ X .
(3) 〈x, x〉 ≥ 0 for all x ∈ X .



FURTHER INEQUALITIES FOR THE EUCLIDEAN OPERATOR RADIUS 29

Let (T1, · · · , Tn) ∈ B(n) (H) be an n-tuple of bounded linear operators on the
Hilbert space (H, 〈·, ·〉) and (p1, · · · , pn) ∈ R∗n+ an n-tuple of non-negative weights
not all of them equal to zero.

For an x ∈ H,x 6= 0 we define

〈T,V〉p,x =

n∑
j=1

pj 〈Tjx, Vjx〉 =

〈 n∑
j=1

pjV
∗
j Tj

x, x

〉
,

where T = (T1, · · · , Tn) ,V = (V1, · · · , Vn) ∈ B(n) (H).
We can then state the following result:

Lemma 3.1. For any x ∈ H,x 6= 0 and (p1, · · · , pn) ∈ R∗n+ we have that 〈·, ·〉p,x is

a non-negative Hermitian form on B(n) (H).

Proof. We have that

〈T,T〉p,x =

〈 n∑
j=1

pjT
∗
j Tj

x, x

〉
=

〈 n∑
j=1

pj |Tj |2
x, x

〉
≥ 0

for any T = (T1, · · · , Tn) ∈ B(n) (H), where the operator modulus is defined by

|A|2 = A∗A, A ∈ B (H).
The functional 〈·, ·〉p,x is linear in the first variable and

〈V,T〉p,x =

〈 n∑
j=1

pjT ∗j Vj

x, x

〉

=

〈
x,

 n∑
j=1

pjT
∗
j Vj

x

〉

=

〈 n∑
j=1

pjT
∗
j Vj

∗x, x〉

=

〈 n∑
j=1

pjV
∗
j Tj

x, x

〉
= 〈T,V〉p,x

for any T = (T1, · · · , Tn) ,V = (V1, · · · , Vn) ∈ B(n) (H). �

Before proceeding we note that if p = (1, · · · , 1), then we denote 〈·, ·〉p,x by 〈·, ·〉x.

Theorem 3.2. Let T = (T1, · · · , Tn) ,V = (V1, · · · , Vn) ∈ B(n) (H), then

ω2

 n∑
j=1

V ∗j Tj

 ≤ 1

p

∥∥∥∥∥∥
n∑
j=1

|Tj |2
∥∥∥∥∥∥
p

+
1

q

∥∥∥∥∥∥
n∑
j=1

|Vj |2
∥∥∥∥∥∥
q

(3.1)

for all p, q > 1 with 1
p + 1

q = 1.
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Proof. Let x ∈ H,x 6= 0. Writing the Schwarz inequality for the non-negative
Hermitian form 〈·, ·〉x we have

∣∣∣∣∣∣
〈 n∑

j=1

V ∗j Tj

x, x

〉∣∣∣∣∣∣
2

≤

〈 n∑
j=1

|Tj |2
x, x

〉〈 n∑
j=1

|Vj |2
x, x

〉

≤ 1

p

〈 n∑
j=1

|Tj |2
x, x

〉p
+

1

q

〈 n∑
j=1

|Vj |2
x, x

〉q

Taking the supremum over x ∈ H with ‖x‖ = 1, we deduce the desired result
(3.1). �

Remark. If we choose p = q = 2 in Theorem 3.2

ω

 n∑
j=1

V ∗j Tj

 ≤
√√√√√√1

2


∥∥∥∥∥∥
n∑
j=1

|Tj |2
∥∥∥∥∥∥

1
2

+

∥∥∥∥∥∥
n∑
j=1

|Vj |2
∥∥∥∥∥∥

1
2

. (3.2)

Let V ∗j = Tj in (3.2)

ω

 n∑
j=1

T 2
j

 ≤
√√√√√√1

2


∥∥∥∥∥∥
n∑
j=1

|Tj |2
∥∥∥∥∥∥

1
2

+

∥∥∥∥∥∥
n∑
j=1

∣∣T ∗j ∣∣2
∥∥∥∥∥∥

1
2

.

If we take Tj :=
Aj+A

∗
j

2 and Vj :=
Aj−A∗

j

2 in (3.2)

ω

 n∑
j=1

|Aj |2
 ≤

√√√√√√1

2


∥∥∥∥∥∥
n∑
j=1

(
Aj +A∗j

2

)∥∥∥∥∥∥
1
2

+

∥∥∥∥∥∥
n∑
j=1

(
Aj −A∗j

2

)∥∥∥∥∥∥
1
2

.
Theorem 3.3. Let T = (T1, · · · , Tn) ,V = (V1, · · · , Vn) ∈ B(n) (H), then

ω2

 n∑
j=1

V ∗j Tj

 ≤ 2
r−1
r

∥∥∥∥∥∥
n∑
j=1

|Tj |2 + |Vj |2
∥∥∥∥∥∥

1
r

(3.3)

for all r ≥ 1.
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Proof. Let x ∈ H,x 6= 0.∣∣∣∣∣∣
〈 n∑

j=1

V ∗j Tj

x, x

〉∣∣∣∣∣∣
2

≤

〈 n∑
j=1

|Tj |2
x, x

〉 1
2

+

〈 n∑
j=1

|Vj |2
x, x

〉 1
2

≤ 2
r−1
r

〈
 n∑
j=1

|Tj |2
x, x

〉 r
2

+

〈 n∑
j=1

|Vj |2
x, x

〉 r
2


1
r

= 2
r−1
r

〈 n∑
j=1

|Tj |2 + |Vj |2
x, x

〉 1
r

Taking the supremum over x ∈ H with ‖x‖ = 1, we deduce the desired result
(3.3). �

Remark. If we take r = 1 in Theorem 3.3

ω

 n∑
j=1

V ∗j Tj

 ≤
∥∥∥∥∥∥
n∑
j=1

|Tj |2 + |Vj |2
∥∥∥∥∥∥

1
2

.
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