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GENERALIZED MULTIVARIATE PRABHAKAR TYPE

FRACTIONAL INTEGRALS AND INEQUALITIES

GEORGE A. ANASTASSIOU

Abstract. We introduce here the mixed generalized multivariate Prabhakar
type left and right fractional integrals and study their basic properties, such as

preservation of continuity and their boundedness as positive linear operators.

Then we produce an interesting variety of related multivariate left and right
fractional Hardy type inequalities under convexity. We introduce also other

related multivariate fractional integrals.

1. Background

This work is inspired by [6], [8], [9], [11] - [15].
Here we consider the Prabhakar function (also known as the three parameter

Mittag-Leffler function, an entire function if z ∈ C), (see [5], p. 97; [4])

Eγα,β (z) =

∞∑
k=0

(γ)k
k!Γ (αk + β)

zk, (1)

where Γ is the gamma function; α, β, γ ∈ R : α, β > 0, z ∈ R, and (γ)k =
γ (γ + 1) ... (γ + k − 1). It is E0

α,β (z) = 1
Γ(β) .

Let a, b ∈ R, a < b and x ∈ [a, b]; f ∈ C ([a, b]) . Let also ψ ∈ C1 ([a, b]) which
is increasing. In [3] we defined and studied the left and right Prabhakar fractional
integrals with respect to ψ as follows:(

eγ;ψ
ρ,µ,ω,a+f

)
(x) =

∫ x

a

ψ′ (t) (ψ (x)− ψ (t))
µ−1

Eγρ,µ [ω (ψ (x)− ψ (t))
ρ
] f (t) dt,

(2)
and(

eγ;ψ
ρ,µ,ω,b−f

)
(x) =

∫ b

x

ψ′ (t) (ψ (t)− ψ (x))
µ−1

Eγρ,µ [ω (ψ (t)− ψ (x))
ρ
] f (t) dt,

(3)
where ρ, µ > 0; γ, ω ∈ R, which are continuous functions [3].

In this work we define and study the multivariate analogs of (2) and (3).
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Let
N∏
i=1

[ai, bi] ⊂ RN , N > 1, ai < bi, ai, bi ∈ R; f ∈ C

(
N∏
i=1

[ai, bi]

)
. Let

also xi, ti ∈ [ai, bi] ; ρi, µi > 0; γi, ωi ∈ R; i = 1, ..., N. Here ψi ∈ C1 ([ai, bi])
which is increasing, i = 1, ..., N . We set a = (a1, ..., aN ), b = (b1, ..., bN ), x =
(x1, ..., xN ) , t = (t1, ..., tN ) ; ρ = (ρ1, ..., ρN ) , µ = (µ1, ..., µN ) , γ = (γ1, ..., γN ),
ω = (ω1, ..., ωN ) , ψ := (ψ1, ..., ψN ) .

We define the left and right mixed Prabhakar multiple fractional integrals with
respect to ψ, respectively, as follows:

(
Meγ;ψ

ρ,µ,ω,a+f
)

(x) :=

∫ x1

a1

...

∫ xN

aN

N∏
i=1

[
ψ′i (ti) (ψi (xi)− ψi (ti))

µi−1
(4)

Eγiρi,µi [ωi (ψi (xi)− ψi (ti))
ρi ]
]
f (t1, ..., tN ) dt1...dtN ,

with xi ≥ ai, i = 1, ..., N ;(
Meγ;ψ

ρ,µ,ω,b−f
)

(x) :=

∫ b1

x1

...

∫ bN

xN

N∏
i=1

[
ψ′i (ti) (ψi (ti)− ψi (xi))

µi−1
(5)

Eγiρi,µi [ωi (ψi (ti)− ψi (xi))
ρi ]
]
f (t1, ..., tN ) dt1...dtN ,

with xi ≤ bi, i = 1, ..., N.
We give

Theorem 1.1. Let ρi, γi > 0, µi ≥ 1, ωi ∈ R; i = 1, ..., N. Then
(
Meγ;ψ

ρ,µ,ω,a+f
)
,(

Meγ;ψ
ρ,µ,ω,b−f

)
∈ C

(
N∏
i=1

[ai, bi]

)
.

Proof. It is enough to prove that
(
Meγ;ψ

ρ,µ,ω,a+f
)
∈ C

(
N∏
i=1

[ai, bi]

)
. The proof for

the second is similar and omitted.
One can write(
Meγ;ψ

ρ,µ,ω,a+f
)

(x0) =

∫
N∏
i=1

[ai,bi]

χ N∏
i=1

[ai,x0i]
(t)

N∏
i=1

[
ψ′i (ti) (ψi (x0i)− ψi (ti))

µi−1

(6)

Eγiρi,µi [ωi (ψi (x0i)− ψi (ti))
ρi ]
]
f (t) dt,

where χ is the characteristic function and x0 = (x01, ..., x0N ) ∈
N∏
i=1

[ai, bi] .

Let xm → x0 as m→ +∞, where xm ∈
N∏
i=1

[ai, bi]; with xm = (xm1, ..., xmN ) .

We will prove that
(
Meγ;ψ

ρ,µ,ω,a+f
)

(xm)→
(
Meγ;ψ

ρ,µ,ω,a+f
)

(x0), as m→ +∞.
We have that(
Meγ;ψ

ρ,µ,ω,a+f
)

(xm) =

∫
N∏
i=1

[ai,bi]

χ N∏
i=1

[ai,xmi]
(t)

N∏
i=1

[
ψ′i (ti) (ψi (xmi)− ψi (ti))

µi−1

(7)

Eγiρi,µi [ωi (ψi (xmi)− ψi (ti))
ρi ]
]
f (t) dt.
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We notice that χ N∏
i=1

[ai,xmi]
(t)→ χ N∏

i=1
[ai,x0i]

(t), a.e.; also it holds

Tt (xm) :=

N∏
i=1

[
ψ′i (ti) (ψi (xmi)− ψi (ti))

µi−1
Eγiρi,µi [ωi (ψi (xmi)− ψi (ti))

ρi ]
]

→
N∏
i=1

[
ψ′i (ti) (ψi (x0i)− ψi (ti))

µi−1
Eγiρi,µi [ωi (ψi (x0i)− ψi (ti))

ρi ]
]

=: Tt (x0) ,

as m→ +∞.
Furthermore we obtain

χ N∏
i=1

[ai,xmi]
(t)Tt (xm) f (t)→ χ N∏

i=1
[ai,x0i]

(t)Tt (x0) f (t) ,

a.e. on
N∏
i=1

[ai, bi] , as m→ +∞.

However, we have that

χ N∏
i=1

[ai,xmi]
(t) |Tt (xm)| |f (t)| ≤ |Tt (xm)| |f (t)| ≤ (8)

N∏
i=1

[
‖ψ′i‖∞,[ai,bi] (ψi (bi)− ψi (ai))

µi−1
Eγiρi,µi [|ωi| (ψi (bi)− ψi (ai))

ρi ]
]

‖f‖
∞,

N∏
i=1

[ai,bi]
< +∞.

Thus, by the dominated convergence theorem, we derive∫
N∏
i=1

[ai,bi]

χ N∏
i=1

[ai,xmi]
(t)Tt (xm) f (t) dt→

∫
N∏
i=1

[ai,bi]

χ N∏
i=1

[ai,x0i]
(t)Tt (x0) f (t) dt,

(9)
as m→ +∞, proving the claim. �

Conjecture 1.2. Functions (4) and (5) must be continuous when ρi, µi > 0;
γi, ωi ∈ R; i = 1, ..., N.

We also present the following basic Hardy type inequalities.

Theorem 1.3. Let ρi, µi, γi, ωi > 0, i = 1, ..., N . Then

{
∥∥∥(Meγ;ψ

ρ,µ,ω,a+f
)∥∥∥
∞,

N∏
i=1

[ai,bi]
,
∥∥∥(Meγ;ψ

ρ,µ,ω,b−f
)∥∥∥
∞,

N∏
i=1

[ai,bi]
} ≤

{
∥∥∥(Meγ;ψ

ρ,µ,ω,a+ |f |
)∥∥∥
∞,

N∏
i=1

[ai,bi]
,
∥∥∥(Meγ;ψ

ρ,µ,ω,b− |f |
)∥∥∥
∞,

N∏
i=1

[ai,bi]
} ≤

[
N∏
i=1

[
(ψi (bi)− ψi (ai))

µi Eγiρi,µi+1 [ωi (ψi (bi)− ψi (ai))
ρi ]
]]
‖f‖

∞,
N∏
i=1

[ai,bi]
<∞,

(10)
respectively.

Here (4) and (5) are bounded and positive linear operators.
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Proof. It is enough to estimate only
∥∥∥(Meγ;ψ

ρ,µ,ω,a+f
)∥∥∥
∞,

N∏
i=1

[ai,bi]
. The proof of the

second as similar is omitted. We have that∣∣∣(Meγ;ψ
ρ,µ,ω,a+f

)
(x)
∣∣∣ (4)

≤
(
Meγ;ψ

ρ,µ,ω,a+ |f |
)

(x) =∫ x1

a1

...

∫ xN

aN

N∏
i=1

[
ψ′i (ti) (ψi (xi)− ψi (ti))

µi−1

Eγiρi,µi [ωi (ψi (xi)− ψi (ti))
ρi ]
]
|f (t1, ..., tN )| dt1...dtN ≤

‖f‖
∞,

N∏
i=1

[ai,bi]

N∏
i=1

(∫ xi

ai

ψ′i (ti) (ψi (xi)− ψi (ti))
µi−1

Eγiρi,µi [ωi (ψi (xi)− ψi (ti))
ρi ] dti

)
= (11)

‖f‖
∞,

N∏
i=1

[ai,bi]

N∏
i=1

(∫ xi

ai

ψ′i (ti) (ψi (xi)− ψi (ti))
µi−1

( ∞∑
ki=0

(γi)ki
ki!Γ (ρiki + µi)

(ωi (ψi (xi)− ψi (ti))
ρi)

ki

)
dti

)
([7], p. 175)

=

‖f‖
∞,

N∏
i=1

[ai,bi]

N∏
i=1

[ ∞∑
ki=0

(γi)ki ω
ki
i

ki!Γ (ρiki + µi)

∫ xi

ai

ψ′i (ti) (ψi (xi)− ψi (ti))
(ρiki+µi)−1

dti

]
=

‖f‖
∞,

N∏
i=1

[ai,bi]

N∏
i=1

[ ∞∑
ki=0

(γi)ki ω
ki
i

ki!Γ (ρiki + µi + 1)
(ψi (xi)− ψi (ai))

ρiki+µi

]
=

‖f‖
∞,

N∏
i=1

[ai,bi]

N∏
i=1

[
(ψi (xi)− ψi (ai))

µi
∞∑
ki=0

(γi)ki (ωi (ψi (xi)− ψi (ai))
ρi)

ki

ki!Γ (ρiki + µi + 1)

]
=

(12)

‖f‖
∞,

N∏
i=1

[ai,bi]

N∏
i=1

[
(ψi (xi)− ψi (ai))

µi Eγiρi,µi+1 [ωi (ψi (xi)− ψi (ai))
ρi ]
]
≤

‖f‖
∞,

N∏
i=1

[ai,bi]

N∏
i=1

[
(ψi (bi)− ψi (ai))

µi Eγiρi,µi+1 [ωi (ψi (bi)− ψi (ai))
ρi ]
]
,

∀ x ∈
N∏
i=1

[ai, bi] .

The claim is proved. �

We make

Remark 1.4. Let ρi, µi, γi, ωi > 0, i = 1, ..., N . We define the kernels (y =

(y1, ..., yN ) ∈
N∏
i=1

(ai, bi))

ka+ (x, y) = χ N∏
i=1

(ai,xi]
(y)

N∏
i=1

[
ψ′i (yi) (ψi (xi)− ψi (yi))

µi−1

Eγiρi,µi [ωi (ψi (xi)− ψi (yi))
ρi ]
]
, (13)
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and

kb− (x, y) = χ N∏
i=1

[xi,bi)
(y)

N∏
i=1

[
ψ′i (yi) (ψi (yi)− ψi (xi))

µi−1

Eγiρi,µi [ωi (ψi (yi)− ψi (xi))
ρi ]
]
, (14)

∀ x, y ∈
N∏
i=1

(ai, bi) .

We compute the integral

Ka+ (x) :=

∫
N∏
i=1

(ai,bi)

ka+ (x, y) dy
(4)
=
(
Meγ;ψ

ρ,µ,ω,a+1
)

(x) =

∫ x1

a1

...

∫ xN

aN

N∏
i=1

[
ψ′i (ti) (ψi (xi)− ψi (ti))

µi−1

Eγiρi,µi [ωi (ψi (xi)− ψi (ti))
ρi ]
]
dt1...dtN = (15)

N∏
i=1

(∫ xi

ai

ψ′i (ti) (ψi (xi)− ψi (ti))
µi−1

Eγiρi,µi [ωi (ψi (xi)− ψi (ti))
ρi ] dti

)
=

(by (11), (12))

N∏
i=1

[
(ψi (xi)− ψi (ai))

µi Eγiρi,µi+1 [ωi (ψi (xi)− ψi (ai))
ρi ]
]
.

That is

Ka+ (x) =

N∏
i=1

[
(ψi (xi)− ψi (ai))

µi Eγiρi,µi+1 [ωi (ψi (xi)− ψi (ai))
ρi ]
]
, (16)

∀ x ∈
N∏
i=1

(ai, bi) .

Similarly, we compute the integral

Kb− (x) :=

∫
N∏
i=1

(ai,bi)

kb− (x, y) dy
(5)
=
(
Meγ;ψ

ρ,µ,ω,b−1
)

(x) =

N∏
i=1

[
(ψi (bi)− ψi (xi))

µi Eγiρi,µi+1 [ωi (ψi (bi)− ψi (xi))
ρi ]
]
, (17)

∀ x ∈
N∏
i=1

(ai, bi) .

Next, we form the ratios
ka+ (x, y)

Ka+ (x)
=

χ N∏
i=1

(ai,xi]
(y)

N∏
i=1

[
ψ′i (yi) (ψi (xi)− ψi (yi))

µi−1
Eγiρi,µi [ωi (ψi (xi)− ψi (yi))

ρi ]
]

N∏
i=1

[
(ψi (xi)− ψi (ai))

µi Eγiρi,µi+1 [ωi (ψi (xi)− ψi (ai))
ρi ]
]
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= χ N∏
i=1

(ai,xi]
(y)

N∏
i=1

(
ψ′i (yi) (ψi (xi)− ψi (yi))

µi−1

(ψi (xi)− ψi (ai))
µi

)
N∏
i=1

(
Eγiρi,µi [ωi (ψi (xi)− ψi (yi))

ρi ]

Eγiρi,µi+1 [ωi (ψi (xi)− ψi (ai))
ρi ]

)
, (18)

and

kb− (x, y)

Kb− (x)
= χ N∏

i=1
[xi,bi)

(y)

N∏
i=1

(
ψ′i (yi) (ψi (yi)− ψi (xi))

µi−1

(ψi (bi)− ψi (xi))
µi

)
N∏
i=1

(
Eγiρi,µi [ωi (ψi (yi)− ψi (xi))

ρi ]

Eγiρi,µi+1 [ωi (ψi (bi)− ψi (xi))
ρi ]

)
, (19)

∀ x, y ∈
N∏
i=1

(ai, bi) .

In this work we prove a variety of interesting generalized multivariate Hardy type
fractional inequalities under convexity, related to (4) and (5), mixed generalized
multivariate left and right Prabhakar type fractional integrals.

2. Prerequisites

I) Let (Ω1,Σ1, µ1) and (Ω2,Σ2, µ2) be measure spaces with positive σ-finite mea-
sures, and let kj : Ω1 × Ω2 → R be nonnegative measurable functions, kj (x, ·)
measurable on Ω2, and

Kj (x) =

∫
Ω2

kj (x, y) dµ2 (y) , for any x ∈ Ω1, (20)

j = 1, ..., r ∈ N. We assume that Kj (x) > 0 a.e. on Ω1 and the weight function
are nonnegative measurable functions on the related set.

We consider measurable functions gj : Ω1 → R with the representation

gj (x) =

∫
Ω2

kj (x, y) fj (y) dµ2 (y) , (21)

where fj : Ω2 → R are measurable functions, j = 1, ..., r. Here u stands for a weight
function on Ω1 (nonnegative measurable function).

We mention

Theorem 2.1. ([1], p. 29) Let j ∈ {1, ..., r} be fixed. Assume that the function

x→

u(x)
r∏
j=1

kj(x,y)

r∏
j=1

Kj(x)

 is integrable on Ω1, for each y ∈ Ω2. Define λr on Ω2 by

λr (y) :=

∫
Ω1


u (x)

r∏
j=1

kj (x, y)

r∏
j=1

Kj (x)

 dµ1 (x) <∞. (22)

Here Φj : R+ → R+, j = 1, ..., r, are convex and increasing functions.
Then ∫

Ω1

u (x)

r∏
j=1

Φj

(∣∣∣∣ gj (x)

Kj (x)

∣∣∣∣) dµ1 (x) ≤
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j=1
j 6=j

∫
Ω2

Φj (|fj (y)|) dµ2 (y)

(∫
Ω2

Φj

(∣∣∣fj (y)
∣∣∣)λr (y) dµ2 (y)

)
, (23)

true for all measurable functions, j = 1, ..., r, fj : Ω2 → R such that:
(i) fj , Ωj (|fj |), are both kj (x, y) dµ2 (y) - integrable, µ1-a.e. in x ∈ Ω1,

(ii) λrΦj

(∣∣∣fj∣∣∣) ; Φ1 (|f1|) , Φ2 (|f2|), Φ3 (|f3|) , ...,
̂

Φj

(∣∣∣fj∣∣∣), ..., Φr (|fr|), are all

µ2-integrable,

and for all corresponding functions gj given by (21). Above
̂

Φj

(∣∣∣fj∣∣∣) means

missing item.

II) We need

Remark 2.2. In the next we consider for j = 1, ..., r, the measurable functions
f1j , f2j : Ω2 → R, and

g1j (x) =

∫
Ω2

kj (x, y) f1j (y) dµ2 (y) , (24)

and

g2j (x) =

∫
Ω2

kj (x, y) f2j (y) dµ2 (y) , (25)

these are now instead of (21).
Again here u ≥ 0 is a weight measurable function on Ω1.

We will use the following rational result:

Theorem 2.3. ([2], p. 405) Here 0 < f2j (y) < ∞, a.e., j = 1, ..., r. Let j ∈

{1, ..., r} be fixed. Assume that the function x→

u(x)
r∏
j=1

kj(x,y)f2j(y)

r∏
j=1

g2j(x)

 is integrable

on Ω1, for each y ∈ Ω2. Define λ∗∗r on Ω2 by

λ∗∗r (y) :=

 r∏
j=1

f2j (y)

∫
Ω1


u (x)

r∏
j=1

kj (x, y)

r∏
j=1

g2j (x)

 dµ1 (x) <∞. (26)

Here Φj : R+ → R+, j = 1, ..., r, are convex and increasing functions.
Then ∫

Ω1

u (x)

r∏
j=1

Φj

(∣∣∣∣g1j (x)

g2j (x)

∣∣∣∣) dµ1 (x) ≤

 r∏
j=1
j 6=j

∫
Ω2

Φj

(∣∣∣∣f1j (y)

f2j (y)

∣∣∣∣) dµ2 (y)


(∫

Ω2

Φj

(∣∣∣∣∣f1j (y)

f2j (y)

∣∣∣∣∣
)
λ∗∗r (y) dµ2 (y)

)
, (111)

true for all measurable functions, j = 1, ..., r, f1j , f2j : Ω2 → R such that:

(i)
f1j(y)
f2j(y) , Φj

(∣∣∣ f1j(y)
f2j(y)

∣∣∣), are both kj (x, y) f2j (y) dµ2 (y) - integrable, µ1-a.e. in

x ∈ Ω1,



8 GEORGE A. ANASTASSIOU

(ii) λ∗∗r Φj

(∣∣∣ f1j(y)

f2j(y)

∣∣∣), and Φj

(∣∣∣ f1j(y)
f2j(y)

∣∣∣) , for j = {1, ..., r} −
{
j
}

, are all µ2-

integrable;
and for all corresponding g1j given by (24), and g2j given by (25).

III) Here we follow [2], p. 441, see Chapter 22.
Let (Ω1,Σ1, µ1) and (Ω2,Σ2, µ2) be measure spaces with positive σ-finite mea-

sures, and let kj : Ω1 × Ω2 → R be nonnegative measurable functions, kj (x, ·)
measurable on Ω2, and

Kj (x) =

∫
Ω2

kj (x, y) dµ2 (y) , for any x ∈ Ω1, (28)

j = 1, ..., r ∈ N. We assume that Kj (x) > 0 a.e. on Ω1 and the weight functions
are nonnegative measurable functions on the related set.

We consider measurable functions gj : Ω1 → R with the representation

gj (x) =

∫
Ω2

kj (x, y) fj (y) dµ2 (y) , (29)

where fj : Ω2 → R are measurable functions, j = 1, ..., r.
Here u stands for a weight function on Ω1 (u ≥ 0, which is measurable).
We will use the following general result:

Theorem 2.4. ([2], p. 442) Assume that the functions (j = 1, 2, ..., r ∈ N) x →(
u (x)

kj(x,y)
Kj(x)

)
are integrable on Ω1, for each fixed y ∈ Ω2. Define uj on Ω2 by

uj (y) :=

∫
Ω1

u (x)
kj (x, y)

Kj (x)
dµ1 (x) <∞. (30)

Let pj > 1 :
r∑
j=1

1
pj

= 1. Let the functions Φj : R+ → R+, j = 1, ..., r, be convex

and increasing.
Then ∫

Ω1

u (x)

r∏
j=1

Φj

(∣∣∣∣ gj (x)

Kj (x)

∣∣∣∣) dµ1 (x) ≤

r∏
j=1

(∫
Ω2

uj (y) Φj (|fj (y)|)pj dµ2 (y)

) 1
pj

, (31)

for all measurable functions fj : Ω2 → R (j = 1, ..., r) such that
(i) fj , Φj (|fj |)pj , are both kj (x, y) dµ2 (y) - integrable, µ1-a.e. in x ∈ Ω1,

j = 1, ..., r,
(ii) ujΦj (|fj |)pj is µ2-integrable, j = 1, ..., r,
and for all corresponding functions gj (j = 1, ..., r) given by (29).

IV) Let (Ω1,Σ1, µ1) and (Ω2,Σ2, µ2) be measure spaces with positive σ-finite
measures, and let k : Ω1 × Ω2 → R be nonnegative measurable functions, k (x, ·)
measurable on Ω2, and

K (x) =

∫
Ω2

k (x, y) dµ2 (y) , for any x ∈ Ω1. (32)

We suppose that K (x) > 0 a.e. on Ω1 and by a weight function u (shortly: a
weight), we mean a nonnegative measurable function on the actual set. Let the
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measurable functions gj : Ω1 → R, j = 1, ..., r, with the representation

gj (x) =

∫
Ω2

k (x, y) fj (y) dµ2 (y) , (33)

where fj : Ω2 → R are measurable functions, j = 1, ..., r.

Denote by ~x = x := (x1, ..., xr) ∈ Rr, ~g := (g1, ..., gr) and ~f := (f1, ..., fr).
We consider here Φ : Rr+ → R a convex function, which is increasing per coordi-

nate, i.e. if xj ≤ yj , j = 1, ..., r, then

Φ (x1, ..., xr) ≤ Φ (y1, ..., yr) .

In [2], p. 588, we proved that

Theorem 2.5. Let u be a weight function on Ω1, and k, K, gj , fj , j = 1, ..., r ∈ N,

and Φ defined as above. Assume that the function x→ u (x) k(x,y)
K(x) is integrable on

Ω1 for each fixed y ∈ Ω2. Define v on Ω2 by

v (y) :=

∫
Ω1

u (x)
k (x, y)

K (x)
dµ1 (x) <∞. (34)

Then ∫
Ω1

u (x) Φ

(
|g1 (x)|
K (x)

, ...,
|gr (x)|
K (x)

)
dµ1 (x) ≤∫

Ω2

v (y) Φ (|f1 (y)| , ..., |fr (y)|) dµ2 (y) , (35)

under the assumptions:
(i) fj , Φ (|f1| , ..., |fr|), are k (x, y) dµ2 (y) -integrable, µ1 -a.e. in x ∈ Ω1, for all

j = 1, ..., r,
(ii) v (y) Φ (|f1 (y)| , ..., |fr (y)|) is µ2 -integrable.

3. Main Results

From now on in this work we assume ρi, µi, γi, ωi > 0, for i = 1, ..., N . Clearly

here
(
Meγ;ψ

ρ,µ,ω,a+f
)
,
(
Meγ;ψ

ρ,µ,ω,b−f
)

are measurable functions over
N∏
i=1

[ai, bi], where

f ∈ C

(
N∏
i=1

[ai, bi]

)
. Infact by Theorem 1.3, these are integrable functions on

N∏
i=1

[ai, bi] .

I’) Here we apply Theorem 2.1 to (4), (5) for fj ∈ C
(
N∏
i=1

[ai, bi]

)
, j = 1, ..., r.

Theorem 3.1. Let j ∈ {1, ..., r} be fixed. Assume that the function x→(
u (x)

(
ka+(x,y)
Ka+(x)

)r)
is integrable on

N∏
i=1

(ai, bi), for each y ∈
N∏
i=1

(ai, bi), see (16),

(18). Here u ≥ 0 stands for a weight function on
N∏
i=1

(ai, bi) . Define λ+
r on

N∏
i=1

(ai, bi) by

λ+
r (y) :=

∫
N∏
i=1

(ai,bi)

(
u (x)

(
ka+ (x, y)

Ka+ (x)

)r)
dx <∞, (36)
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which is assumed to be integrable on
N∏
i=1

(ai, bi) .

Here Φj : R+ → R+, j = 1, ..., r, are convex and increasing functions.
Then

∫
N∏
i=1

(ai,bi)

u (x)

r∏
j=1

Φj


∣∣∣(Meγ;ψ

ρ,µ,ω,a+fj

)
(x)
∣∣∣

N∏
i=1

[
(ψi (xi)− ψi (ai))

µi Eγiρi,µi+1 [ωi (ψi (xi)− ψi (ai))
ρi ]
]
 dx

(37)

≤

 r∏
j=1
j 6=j

∫
N∏
i=1

(ai,bi)

Φj (|fj (y)|) dy


∫

N∏
i=1

(ai,bi)

Φj

(∣∣∣fj (y)
∣∣∣)λ+

r (y) dy

 .

We continue with

Theorem 3.2. Let j ∈ {1, ..., r} be fixed. Assume that the function x→(
u (x)

(
kb−(x,y)
Kb−(x)

)r)
is integrable on

N∏
i=1

(ai, bi), for each y ∈
N∏
i=1

(ai, bi), see (17),

(19). Here u ≥ 0 stands for a weight function on
N∏
i=1

(ai, bi) . Define λ−r on

N∏
i=1

(ai, bi) by

λ−r (y) :=

∫
N∏
i=1

(ai,bi)

(
u (x)

(
kb− (x, y)

Kb− (x)

)r)
dx <∞, (38)

which is assumed to be integrable on
N∏
i=1

(ai, bi) .

Here Φj : R+ → R+, j = 1, ..., r, are convex and increasing functions.
Then

∫
N∏
i=1

(ai,bi)

u (x)
r∏
j=1

Φj


∣∣∣(Meγ;ψ

ρ,µ,ω,b−fj

)
(x)
∣∣∣

N∏
i=1

[
(ψi (bi)− ψi (xi))

µi Eγiρi,µi+1 [ωi (ψi (bi)− ψi (xi))
ρi ]
]
 dx

(39)

≤

 r∏
j=1
j 6=j

∫
N∏
i=1

(ai,bi)

Φj (|fj (y)|) dy


∫

N∏
i=1

(ai,bi)

Φj

(∣∣∣fj (y)
∣∣∣)λ−r (y) dy

 .

II’) Here we apply Theorem 2.3 to (4), (5) for f1j , f2j ∈ C

(
N∏
i=1

[ai, bi]

)
, j =

1, ..., r.

Theorem 3.3. Consider f2j > 0, j = 1, ..., r. Let j ∈ {1, ..., r} be fixed. Assume

that the function x →

(
u (x) (ka+ (x, y))

r
r∏
j=1

(
f2j(y)

(Meγ;ψρ,µ,ω,a+f2j)(x)

))
(see (16)) is
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integrable on
N∏
i=1

(ai, bi), for each y ∈
N∏
i=1

(ai, bi). Define λ∗+r on
N∏
i=1

(ai, bi) by

λ∗+r (y) :=

 r∏
j=1

f2j (y)

∫
N∏
i=1

(ai,bi)

 u (x) (ka+ (x, y))
r

r∏
j=1

(
Meγ;ψ

ρ,µ,ω,a+f2j (x)
)
 dx <∞, (40)

for appropiate weight u ≥ 0, so that λ∗+r is integrable on
N∏
i=1

(ai, bi) .

Here Φj : R+ → R+, j = 1, ..., r, are convex and increasing functions. Then

∫
N∏
i=1

(ai,bi)

u (x)

r∏
j=1

Φj


∣∣∣Meγ;ψ

ρ,µ,ω,a+f1j (x)
∣∣∣

Meγ;ψ
ρ,µ,ω,a+f2j (x)

 dx ≤

 r∏
j=1
j 6=j

∫
N∏
i=1

(ai,bi)

Φj

(
|f1j (y)|
f2j (y)

)
dy


∫

N∏
i=1

(ai,bi)

Φj


∣∣∣f1j (y)

∣∣∣
f2j (y)

λ∗+r (y) dy

 . (41)

We continue with

Theorem 3.4. Consider f2j > 0, j = 1, ..., r. Let j ∈ {1, ..., r} be fixed. Assume

that the function x →

(
u (x) (kb− (x, y))

r
r∏
j=1

(
f2j(y)

(Meγ;ψρ,µ,ω,b−f2j)(x)

))
(see (17)) is

integrable on
N∏
i=1

(ai, bi), for each y ∈
N∏
i=1

(ai, bi). Define λ∗−r on
N∏
i=1

(ai, bi) by

λ∗−r (y) :=

 r∏
j=1

f2j (y)

∫
N∏
i=1

(ai,bi)

 u (x) (kb− (x, y))
r

r∏
j=1

(
Meγ;ψ

ρ,µ,ω,b−f2j (x)
)
 dx <∞, (42)

for appropiate weight u ≥ 0, so that λ∗−r is integrable on
N∏
i=1

(ai, bi) .

Here Φj : R+ → R+, j = 1, ..., r, are convex and increasing functions. Then

∫
N∏
i=1

(ai,bi)

u (x)

r∏
j=1

Φj


∣∣∣Meγ;ψ

ρ,µ,ω,b−f1j (x)
∣∣∣

Meγ;ψ
ρ,µ,ω,b−f2j (x)

 dx ≤

 r∏
j=1
j 6=j

∫
N∏
i=1

(ai,bi)

Φj

(
|f1j (y)|
f2j (y)

)
dy


∫

N∏
i=1

(ai,bi)

Φj


∣∣∣f1j (y)

∣∣∣
f2j (y)

λ∗−r (y) dy

 . (43)

III’) Here we apply Theorem 2.4 to (4), (5) for fj ∈ C
(
N∏
i=1

[ai, bi]

)
, j = 1, ..., r.



12 GEORGE A. ANASTASSIOU

Theorem 3.5. Assume that the function x →
(
u (x) ka+(x,y)

Ka+(x)

)
is integrable on

N∏
i=1

(ai, bi), for each fixed y ∈
N∏
i=1

(ai, bi). Define ρ+ on
N∏
i=1

(ai, bi) by

ρ+ (y) :=

∫
N∏
i=1

(ai,bi)

u (x)
ka+ (x, y)

Ka+ (x)
dx <∞, (44)

(see (13), (16), (18)) for appropiate weight u ≥ 0, so that ρ+ is integrable on
N∏
i=1

(ai, bi) .

Let pj > 1 :
r∑
j=1

1
pj

= 1. Let the functions Φj : R+ → R+, j = 1, ..., r, be convex

and increasing.
Then ∫

N∏
i=1

(ai,bi)

u (x)

r∏
j=1

Φj


∣∣∣Meγ;ψ

ρ,µ,ω,a+fj (x)
∣∣∣

Ka+ (x)

 dx ≤

r∏
j=1

∫
N∏
i=1

(ai,bi)

ρ+ (y) Φj (|fj (y)|)pj dy

 1
pj

. (45)

We continue with

Theorem 3.6. Assume that the function x →
(
u (x) kb−(x,y)

Kb−(x)

)
is integrable on

N∏
i=1

(ai, bi), for each fixed y ∈
N∏
i=1

(ai, bi). Define ρ− on
N∏
i=1

(ai, bi) by

ρ− (y) :=

∫
N∏
i=1

(ai,bi)

u (x)
kb− (x, y)

Kb− (x)
dx <∞, (46)

(see (14), (17), (19)) for appropiate weight u ≥ 0, so that ρ− is integrable on
N∏
i=1

(ai, bi) .

Let pj > 1 :
r∑
j=1

1
pj

= 1. Let the functions Φj : R+ → R+, j = 1, ..., r, be convex

and increasing.
Then ∫

N∏
i=1

(ai,bi)

u (x)

r∏
j=1

Φj


∣∣∣Meγ;ψ

ρ,µ,ω,b−fj (x)
∣∣∣

Kb− (x)

 dx ≤

r∏
j=1

∫
N∏
i=1

(ai,bi)

ρ− (y) Φj (|fj (y)|)pj dy

 1
pj

. (47)

IV’) Here we apply Theorem 2.5 to (4), (5) for fj ∈ C
(
N∏
i=1

[ai, bi]

)
, j = 1, ..., r.
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Theorem 3.7. Consider here Φ : Rr+ → R a convex function, which is increasing

per coordinate, and u ≥ 0 the weight. Assume that the function x→ u (x) ka+(x,y)
Ka+(x)

is integrable on
N∏
i=1

(ai, bi) for each y ∈
N∏
i=1

(ai, bi) . Define ν+ on
N∏
i=1

(ai, bi) (see

(16), (18)) by

ν+ (y) :=

∫
N∏
i=1

(ai,bi)

u (x)
ka+ (x, y)

Ka+ (x)
dx <∞, (48)

for appropiate u, so that ν+ is integrable on
N∏
i=1

(ai, bi). Then

∫
N∏
i=1

(ai,bi)

u (x) Φ


∣∣∣Meγ;ψ

ρ,µ,ω,a+f1 (x)
∣∣∣

Ka+ (x)
, ...,

∣∣∣Meγ;ψ
ρ,µ,ω,a+fr (x)

∣∣∣
Ka+ (x)

 dx ≤

∫
N∏
i=1

(ai,bi)

ν+ (y) Φ (|f1 (y)| , ..., |fr (y)|) dy. (49)

We also give

Theorem 3.8. Consider here Φ : Rr+ → R a convex function, which is increasing

per coordinate, and u ≥ 0 the weight. Assume that the function x → u (x) kb−(x,y)
Kb−(x)

is integrable on
N∏
i=1

(ai, bi) for each y ∈
N∏
i=1

(ai, bi) . Define ν− on
N∏
i=1

(ai, bi) (see

(17), (19)) by

ν− (y) :=

∫
N∏
i=1

(ai,bi)

u (x)
kb− (x, y)

Kb− (x)
dx <∞, (50)

for appropiate u, so that ν− is integrable on
N∏
i=1

(ai, bi). Then

∫
N∏
i=1

(ai,bi)

u (x) Φ


∣∣∣Meγ;ψ

ρ,µ,ω,b−f1 (x)
∣∣∣

Kb− (x)
, ...,

∣∣∣Meγ;ψ
ρ,µ,ω,b−fr (x)

∣∣∣
Kb− (x)

 dx ≤

∫
N∏
i=1

(ai,bi)

ν− (y) Φ (|f1 (y)| , ..., |fr (y)|) dy. (51)

One can produce a vast wealth of similar results, related to (4) and (5), by
applying the general results of [2], Chapters 21-27, but we choose here to skip this
task.

We mention

Definition 3.9. All as in (4) and (5), x ∈
N∏
i=1

[ai, bi]. We define the left and

right partial Prabhakar fractional integrals with respect to ψk, respectively, for k =
1, ..., N , as follows:(

P eγk;ψk
ρk,µk,ωk,ak+f

)
(x) :=

∫ xk

ak

ψ′k (tk) (ψk (xk)− ψk (tk))
µk−1

(52)

Eγkρk,µk [ωk (ψk (xk)− ψk (tk))
ρk ]
]
f (x1, ..., xk−1, tk, xk+1, ..., xN ) dtk,
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with ak ≤ xk ≤ bk;
and (

P eγk;ψk
ρk,µk,ωk,bk−f

)
(x) :=

∫ bk

xk

ψ′k (tk) (ψk (tk)− ψk (xk))
µk−1

(53)

Eγkρk,µk [ωk (ψk (tk)− ψk (xk))
ρk ]
]
f (x1, ..., xk−1, tk, xk+1, ..., xN ) dtk,

with ak ≤ xk ≤ bk.
By [3], (52), (53) are continuous functions in xk, k = 1, ..., N.

We need

Definition 3.10. ([16], p. 35) Here we consider the Prabhakar function with re-
spect to another function α (x) > 0, x ∈ [a, b], α ∈ C ([a, b]), as follows:

Eγα(x),β (z) :=

∞∑
k=0

(γ)k
k!Γ (kα (x) + β)

zk, (54)

where β > 0, γ ∈ R, z ∈ R.

We mention

Definition 3.11. All as in (4) and (5), however now instead of ρ we have ρ (x) =
(ρ1 (x1) , ..., ρN (xN )), where 0 < ρi ∈ C ([ai, bi]), for i = 1, ..., N. We define the
left and right mixed Prabhakar multiple fractional integrals of variable degree with
respect to ψ, respectively, as follows:(

M
v e

γ;ψ
ρ,µ,ω,a+f

)
(x) :=

∫ x1

a1

...

∫ xN

aN

N∏
i=1

[
ψ′i (ti) (ψi (xi)− ψi (ti))

µi−1

Eγiρi(ti),µi

[
ωi (ψi (xi)− ψi (ti))

ρi(ti)
]]
f (t1, ..., tN ) dt1...dtN , (55)

with xi ≥ ai, i = 1, ..., N ;(
M
v e

γ;ψ
ρ,µ,ω,b−f

)
(x) :=

∫ b1

x1

...

∫ bN

xN

N∏
i=1

[
ψ′i (ti) (ψi (ti)− ψi (xi))

µi−1

Eγiρi(ti),µi

[
ωi (ψi (ti)− ψi (xi))

ρi(ti)
]]
f (t1, ..., tN ) dt1...dtN , (56)

with xi ≤ bi, i = 1, ..., N.

One can prove similar results as above and in [2], Chapters 21-27, for the oper-
ators (52), (53), (55), (56), but we omit here this task.
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